Abstract. We give examples of Shimura correspondence for rational modular forms f of weight 2 and level p 2 , for primes p ≤ 19, computed as an application of a method we introduced in [5] . Furthermore, we verify in this examples a conjectural formula for the central values L(f, −pd, 1) and, in case p ≡ 3 (mod 4), a formula for the central values L(f, d, 1) corresponding to the real quadratic twists of f .
Introduction
Let f be a newform of weight 2. We denote L(f, s) its Hecke L-series, and for D a fundamental discriminant we define its twisted L-series as In the case of prime level p, a method due to Gross [3] constructs, provided L(f, 1) = 0, a nonzero modular form Θ f of weight 3 / 2 and level 4p which maps to f under the Shimura correspondence [8] . By Waldspurger's formula [11] the Fourier coefficients of Θ f are related to the central values L(f, −d, 1) for imaginary fundamental discriminants −d < 0, and Gross gives an explicit formula for such central values.
The authors have extended Gross's method to the case of level p 2 (under a technical hypothesis, see §4, and cf. [7] .) We show in [5] how to construct two modular forms Θ 2 , with character κ p (n) := Finally, we give examples of this algorithm applied to the rational modular forms f 49A , f 11A , f 121A , f 121B , f 121C , f 121D , f 17A , f 289A , f 19A , f 361A , and f 361B . The routines used for these calculations, which will be made available in [1] , were written by the authors for the PARI/GP system [6] .
More examples can be found among the data presented at the "Special Week on Ranks of Elliptic Curves and Random Matrix Theory" held at the Isaac Newton Institute, which includes the application of the latter algorithm to the rational modular forms of level p ≡ 3 (mod 4), with p < 500 [9] .
For a different approach to computing the central values for real quadratic twists, which works only for prime level, see [4] .
Quaternion algebras and Shimura correspondence
Let a, b be negative integers and let H = H(a, b) be the definite quaternion algebra over Q with basis {1, i, j , k = ij } where i 2 = a, j 2 = b, ij = −ji. For x ∈ H, we denote by N x the reduced norm of x , and the norm of a lattice a ⊆ H is defined to be N a := gcd {N x : x ∈ a}.
The determinant of the quadratic form N in the above basis is 16 (ab) 2 . Therefore, the determinant of any order O ⊆ H is a rational square. Its positive square root will be denoted by D(O).
We let I(O) be the set of left O-ideals, i.e. the lattices a ⊆ H such that a p = O p x p for every prime p, with x p ∈ H × p . An equivalence relation is defined on I(O) where two left ideals a, b ∈ I(O) are in the same class if a = bx , for some x ∈ H × ; we write [a] for the class of a. The set of all left O-ideal classes, which we denote by I(O), is known to be finite.
Let M(O) be the R-vector space with basis I(O), with the height pairing
otherwise, as an inner product. Note that I(O) is an orthogonal basis of this space. For each integer m ≥ 1 we define Hecke operators tm :
where B m is the classical Brandt matrix
The Hecke operators t m generate a commutative ring T and thus, by the spectral theorem, M(O) has an orthogonal basis of eigenvectors for T. When f is a newform of weight 2, say f |T (m) = λ m f , we set
to be the f -isotypical component of M(O).
Modular forms of weight
2 . This is a quadratic form of rank 3 which we will use to construct modular forms of weight
Let O be an order in H. We define Ω(O) := gcd {∆ x : x ∈ O}, and note that Q(x ) := − ∆ x / Ω(O), in the ternary lattice O/Z, is a primitive, positive definite ternary quadratic form. Its theta series,
depends only on the Z-equivalence class of the ternary quadratic form Q; in the examples such a ternary quadratic form will be given by its coefficients a 1 , a 2 , a 3 , a 23 , a 13 , a 12 , meaning that in some basis of O/Z,
We will also write Q to stand for its theta series. Now let a ∈ I(O). We set Θ([a]) := Θ(O r (a)), and extend by linearity to all of M(O). Note that the ternary forms corresponding to O and O r (a) are in the same genus since a, being principal, induces local isometries by conjugation. In particular, Ω(O) = Ω(O r (a)).
Note that Θ(v) is in the space M3 /2 (N, κ) of modular forms of weight
, and character κ =
This means that for a newform f of weight 2, any nonzero modular form in Θ M (O) f will map to f under the Shimura correspondence.
3. Gross's formula for level p Let f be a newform of weight 2 and prime level p, and let O be a maximal order in the quaternion algebra ramified at p and ∞. It follows from Eichler's trace formula [2] 
f is well defined up to a constant; we write
We also define the Peterson norm of f to be
where In what follows we will assume that f is not in the last case, i.e. that M(Õ)
We now investigate suborders of index p inÕ. One can prove that any such order contains Z + pO; conversely, any of the p + 1 lattices 
The space M(O σ ) is too big for our purposes, since it represents weight 2 modular forms of level
It can be proved that the number of O σ -subideals of a is exactly p and, moreover, that they all have the same right order. Thus, we can define Hecke-linear maps f orthogonal to ker Θ σ . We write
Let us also introduce the rational constant
if f is the quadratic twist of a level p form, p + 1 if f is a level p form.
Conjecture 4.1. Let d be an integer such that −pd < 0 is a fundamental discriminant, and such that
An Algorithm for the Real Quadratic Twists
Assume now that p ≡ 3 (mod 4), and let f be as before a newform of weight 2 and level p or p 2 . Let f * be the twist of f by the quadratic character of conductor p. For any positive fundamental discriminant d, we have
Thus, the formula of conjecture 4.1 would be able to compute the central values
The algorithm consists on computing the Brandt matrices forÕ and finding the eigenspace M(Õ) f * . When f has level p there is a better algorithm for computing M(Õ) f * , by exploiting the two linear maps
where the sum is over allÕ-subideals of a, i.e. the ideals b ∈ I(Õ) such that b ⊆ a and N b = N a. This map commutes with the Hecke operators, and thus
•
. This map corresponds to twisting by the quadratic character of conductor p; hence
Thus, it will be enough to compute the Brandt matrices for O to find M(O) f , and M(Õ)
O-idealsÕ-subideals χ + genus − genus Let H = H(−1, −7), the quaternion algebra ramified precisely at ∞ and 7. A maximal order, having a unique left ideal class, is given by
Its index p suborder is given bỹ
inequivalentÕ-subideals for the O-ideal are show in Table 6 .1. We fix two index p suborders ofÕ
in the + and − genus respectively. Table 6 .1 shows the maps fromÕ-ideals to ternary quadratic forms of level 7 2 in the + genus and in the − genus, computed via O + -and O − -subideals respectively. The actual coefficients of the ternary quadratic forms are given in Table 6 .2, with the notation as in (1).
6.1. f 49A . By computing the Brandt matrices forÕ, we find the space M(Õ) f 49A of dimension 2, spanned by 
with heights e
, e
= 2. Using table 6.1, we see that 
is satisfied, where
7. Example: level 11
2
Let H = H(−1, −11), the quaternion algebra ramified precisely at ∞ and 11. A maximal order, and representatives for its left ideals classes, are given by
inequivalentÕ-subideals for each O-ideal are show in Table 7 .1. We fix two index p suborders ofÕ
in the + and − genus respectively. forms are given in Table 7 .2, with the notation as in (1).
7.1. f 11A . By computing the Brandt matrices for O, we find the space M(Õ)
, e 
7.2. f 121A . By computing the Brandt matrices forÕ, we find the space M(Õ)
of dimension 2, spanned by
and is satisfied, where
7.3. f 121B . By computing the Brandt matrices forÕ, we find the space M(Õ)
of dimension 2. Using table 7.1, we can check that
which is expected since L(f 121B , 1) = 0.
7.4. f 121C . We readily find the space M(Õ)
= 3. Using table 7.1, we see that
and 
7.5. f 121D . We readily find the space M(Õ)
with height e Let H = H(−17, −3), the quaternion algebra ramified precisely at ∞ and 17. A maximal order, and representatives for its left ideals classes, are given by
Its index p suborder is given bỹ and central values for f 11A inequivalentÕ-subideals for each O-ideal are show in Table 8 .1.
We fix two index p suborders ofÕ
in the + and − genus respectively. Table 8 .1 shows the maps fromÕ-ideals to ternary quadratic forms of level 17 2 in the + genus and in the − genus, computed via O + -and O − -subideals respectively. The actual coefficients of the ternary quadratic forms are given in Table 8 .2, with the notation as in (1).
8.1. f 17A . By computing the Brandt matrices for O, we find the space M(Õ)
= 18. Using table 8.1, we see that is satisfied, where 
of dimension 1. Using table 8.1, we can check that
which is expected since L(f 289A , 1) = 0.
Example: level 19
2 Let H = H(−1, −19), the quaternion algebra ramified precisely at ∞ and 19. A maximal order, and representatives for its left ideals classes, are given by
inequivalentÕ-subideals for each O-ideal are show in Table 9 .1. We fix two index p suborders ofÕ
in the + and − genus respectively. forms are given in Table 9 .2, with the notation as in (1).
9.1. f 19A . By computing the Brandt matrices for O, we find the space M(Õ)
